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Abstract
Vieta Jumping is a standard method for solving Diophantine equations that are quadratic in
one or more variables. This article formalizes the geometric nature of root flipping as involutions
on algebraic surfaces. By extending the classical method to equations of three or more variables,
we explore the generation of solution orbits, the structure of Markoff trees, and the connection
between the algebraic “flip” and secant-line constructions on cubic curves.

1 The Classical Flip

The canonical example of Vieta Jumping is IMO 1988, Problem 6: Let a and b be positive integers
2 2
such that ab+ 1 divides a® + b. Let aab‘:bl = k. Prove that k is a perfect square.
The method fixes k and considers the curve 2% — kzy + 32 — k = 0. For a given positive integer

solution (a,b), one variable is fixed (e.g., x = a), leaving a quadratic in y:
y? — (ka)y + (a* — k) = 0

If b is a root, Vieta’s formulas state the other root is ¥’ = ka—b = Lb_k. This map (a,b) — (a, ka—0b)
is an involution—applying it twice returns the original pair. By analyzing the bounds of &', one
constructs a sequence of solutions with strictly decreasing sum a + b, eventually forcing v’ = 0,
which yields a? = k.

This operation of trading one root of a quadratic for another forms the basis of root-flipping,
though its applications extend far beyond descent.

2 Coordinate Involutions on Surfaces

Consider a polynomial Diophantine equation P(x,y,z) = 0. Suppose P is quadratic in each variable
individually, though its total degree may be 3 or higher. A classic form is:

Az + By* +C22 + Dayz+ Ex + Fy+Gz+ H =0
For any integer solution (xq, yo, 20), fixing yo and 2y leaves a quadratic in x:
Az? + (Dyozo + E)x + (Byg + Cz3 + Fyo + Gzo + H) = 0
If z( is an integer root, the second root x; is given by:
_ Dyozo + FE o
a4 0
If A divides Dygzg + E, then x1 is also an integer. We define the coordinate involution ¢, as:

Tr1 =

LCE("I;7 Y, Z) = (xla Y, Z)
Similarly, we define ¢, and ¢,. These involutions are geometric reflections mapping integer points
on the surface P(x,y,z) = 0 to other integer points.



3 Orbit Trees and the Markoff Equation

Rather than using involutions solely for descent, they can generate infinite families of solutions.
Consider the foundational Markoff equation:

2 + % + 2% = 3xyz

By fixing y and z, the quadratic in x is 2 — (3yz)x + (y* + 22) = 0. The involution ¢, produces
the new root x1 = 3yz — . The maps are:

['J:(x7y7 Z) = (3y2 - %y»Z)
w(x,y,2) = (x,3z2 —y, 2)
ta(,y, 2) = (2,9, 3wy — 2)

Permutations of the coordinates also preserve the equation. Starting from the fundamental integer
solution (1,1, 1), applying ¢, yields (2,1,1). Permuting gives (1,2,1). Applying ¢, to (1,2,1) yields
(1,2,3(1)(2) — 1) = (1,2,5).

Repeated applications generate the Markoff tree. The values appearing in these triplets (1, 2,
5, 13, 34, 89, ...) are the Markoff numbers.

To prove that all positive integer solutions lie on this tree, one applies a reverse descent. For
any solution (z,y,z) with x > y > 2z, we must show that the map = — x1 = 3yz — z strictly
decreases the maximum element unless (z,y,z) = (1,1, 1).

Because = and z; are roots of t2 — (3yz)t + (y? + 2%) = 0, by the quadratic formula, the larger
root x satisfies:

3yz + /99222 — 4(y? + 22)
xr =
2
Since y > z > 1, we always have 9y22% > 4(y? 4 2?) (even at y = z = 1, 9 > 8), meaning the square
root is strictly positive. Consequently, the larger root strictly satisfies:

3
x>% = 2z > 3yz

Since 2% + y? + 22 = 3xyz, we can substitute 3yz:
2?2 42 22 <20 = P42t <a?

y2+22
T

Since the roots satisfy z; = , the established inequality 32 + 22 < 2 rigorously forces x; <

% = z. Therefore, whenever z is the strictly larger root, the involution always produces a strictly
smaller coordinate x7.

The only scenario where this descent does not strictly decrease the maximum coordinate is the
absolute ground state (1,1,1). For all other cases, including (2,1, 1), the descent applies strictly:
1(2,1,1) = (3(1)(1) — 2,1,1) = (1,1,1). Thus, repeated inward flips strictly lower the maximum
coordinate until the orbit grounds precisely at (1,1, 1).

4 Pellian Jumps and Matrix Transformations

Consider equations of the form 22 — dy? = k. While commonly solved via standard Pell sequences
determined by the fundamental unit of Z[\/g}, root flipping offers an equivalent linear algebraic

mapping.



If we view 22 — dy? = k alongside the minimal Pell equation u? — dv? = 1, the multiplication
identity (x — yv/d)(u — vv/d) generates new solutions (X,Y’) where:

X =ur+dvy, Y =vxr+uy

This is a linear transformation mapping the hyperbola onto itself. However, generalized Pell-like
equations P(z,y) = 0 that lack a direct Z[v/d] factorization can still be attacked by searching for
2 X 2 matrices M such that 9,11 = M7, preserves the surface invariant. When an equation is
quadratic in both variables but asymmetric, chaining the z-flip and the y-flip exactly constitutes
this affine matrix transformation.

5 Jumping on Higher Curves: The Geometry of Secants

The algebraic substitution of Vieta’s formulas obscures the geometric reality of the jump. For a
planar curve C : f(z,y) = 0, fixing y = ¢ corresponds to intersecting C' with a horizontal line. If
C' is a degree 2 curve (a conic), the line intersects C' in at most two points. Finding z; from zg is
simply returning the second intersection point.

For a cubic curve (e.g., an elliptic curve y? = 2% + az + b), a line intersects the curve in three
points. If we know two rational points P,Q € C, the line PQ has the equation y = mx + c.
Substituting this into the cubic yields:

(me+c)? =2 +ax+b = 2> —m?2® + (a—2mc)r + (b—c*) =0

Since zp and zg are two known roots, the sum of the roots must equal the z2 coefficient. By
polynomial degree counting (or Vieta’s formulas on a cubic):

xp+mQ+a:R:m2 - xR:mZ—xp—a:Q

This constructs a third rational point R geometrically. The group law of elliptic curves defines
P + @ as the reflection of R across the z-axis. Ultimately, adding points on an elliptic curve relies
on the exact same idea as Olympiad root-flipping: exploiting fixed polynomial degree bounds to
evaluate a final uncomputed root.



