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089 e YR I Gio FF [ (AT Ty A A7 g iR | 8 R Aee fefeieiR
coordinate geometry-CS FACW *F&*& objects-9q @6 | FF distance condition GFIR

equation-9 M SFCS ARCES tangent, chord, power, intersection, and fitting %< @
T BT A |

@@ O G2 IPNE -8 I8 =0T G2 9 g iR, e &

OP =r.

@B locus language-9 circle-9% &1 definition |

e @ O(h, k)| QI point P(x, y)-49 & distance formula (CF {12
OP? = (z —h)*+ (y — k)%
@2Q circle-a @2 distance fixed and equal to r, ©12 circle-9% standard equation RS

(x—h)?*+ (y—k)* =12

P(z,y)

o@ & (@ (AT TRCY A et @i circle tof T
7
SBIOTE form (AT general form
JCeq standard @R general equation

Standard equation

(@ =P+ (y— b =r°
expand S general form 12

2?2+ y? + 29+ 2fy+c=0.

QU g = —h, f=—k @R c=h>+k* -2
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G expand FC:
2 — 2hx + h* 4 y? — 2ky + k* =1’

9 terms AFMCE A
2?4+ y? — 2hx — 2ky + (h* + k> — %) = 0.

G
29 = —2h, 2f = —2k, c=h*+k —r’

©i% circle-4¥ coefficient pattern ¥ special: 2 9 3/2-aF coefficient equal, ¥ zy term
ﬁi%ﬁ 618 equally important. IW

2y + 291 +2fy+c=0
(e AT, complete square FHCT

(+9)+y+ )=+ ~c

o2 (9
<_g7_f)
G2 FAE
r=+vg¢g*+ f2—c
AW circle 2T =S .
M
@+ fP—c>0,

©32 real circle exists G| IW W 0 =7, circle 90 point-& degenerate 2 Bl
negative 23, real locus ocy

Y

coordinate line

X

5@ 2 coefficient-STA! circle-93 center €3¢ radius encode FCF |

G line circle-F (AT FH

@2 line-circle intersection problem KCdl1 line

ar+by+d=0
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AR circle
22+ + 29+ 2fy+c=0.

Line-9% equation (& G0 variable eliminate S
quadratic equation #ItA | (18 quadratic-4% discrjminant-? &
M line circle-(F 92 TR F6CR, €F QRN R0, 7T GIHACAE FI6CR 1 |

Discriminant test
Substitution-99 “td quadratic-99 discriminant

A > 0 = 25 intersection, A =0= "%, A < 0= real intersection 3.

@Bl practical-q 33 *f&feil | FRA AT design problem-9 collision check WTT @
fonfba @G e

~¥s: local geometry-q qrerl

Circle-«4¥ F_COW 374 local object ¥ tangent. Tangent circle-(F U3 7T (@17 ¥R (12
point-9 radius-99 perpendicular 2

Radius 9<R tangent

@ 9T tangent circle-(F (@7, (18 RYC® (F® (A WF radius tangent-a3 TR
G

9 IW derivation B8, circle

2y + 290 +2fy+c=0

@32 ©fF TAF @6 point P(xy,y;) T8 1 O tangent-9F equation B
(T4 equation

xxy+yp +g(x+x1) + fly+y) +c=0.

Origin-centered circle 21 461 WRS clean: 22 + y? = 72 circle-4 (z,,y,)-9 tangent
Az + Yy = 2.

@ formula-Bl (s A 7RG T B circle equation-d 22 + 32-GF QAR BN
symmetry-&G9 & 22, 4 yy, IOTCA WIS | Tangent-B1'8 S point contact-49 linearized
version.
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X

5@ : tangent point P-4 radius OP tangent line-43 T 1% |

External point (XCF Y2 tangent

IW AfYgs 9 P (A circle-a tangent 9GB! PA 9% PB ¥, SIZC

PA = PB.

@Bl WG length-chasing problem-d% shortcut.

Chord, secant, SI¥ power of a point

Circle geometry-C® chord T ¥y segment =I; chord ST symmetry and power-49 carrier.
@® (@ chord-9 perpendicular AT chord half-@ split 271 @ fact coordinate-a ¥
clean.

(@ (AF chord-4 =¥
@@ (A @I chord-a @f&S perpendicular chord-bts sfazies 5= |

GIF QFAE QIS F@ 97 ==& theorem: power of a point. External point (A&
secant draw F4Cs1 U2 intersection-&% ACES product fixed TP |

Power of a Point .

Circle-a ATATF G point P-aF power 2

Pow(P) = PA- PB,

@ A, B 20 @GP secant line-a% AR circle-a3 (@Al |

B IM line-(F parameter form-9 ¢TC

(x>y) = (anyO) + t(uv U);

W1F circle-9 substitute AT, SIRC ¢-G% quadratic equation AT | GG root ¢4, t,-AF product
fixed, S (12 product (AFE PA - PB o1 | @f62 power-@ algebraic core.
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Tangent-secant theorem

M e R P (A tangent PT 9% secant PAB %! ¥, IR

PT? = PA- PB.

5@ 8: secant-@¥ product relation tangent case-é square X I |

Angle-chasing-49 backbone

Circle problem-9 ©C & A algebra ¥, angle chasing @M wa<IF 21 O QN two
theorems-« ©F ¢S AMCA: P2 chord subtended angle relation, @1 cyclic quadrilateral-
@9 opposite angle sum.

@33 chord-93 theorem R

@@ subtended angle circumference-4 subtended angle-a% fage |

LAOB =2/ACB.

Cyclic quadrilateral

IM BB point @2 circle-« ATF, I opposite angles supplementary.

LA+ ZC =180°, LB+ ZD = 180°.

. 7

@2 92 fact M@ many olympiad-style problems literally collapse. Because once four
points are cyclic, angle relations become arithmetic.

46 point MT unique circle

@f6 essential construction 2o fo=f6 non-collinear point W unique circle “Mei 1 GB1
®Y theorem I, @f6 equation fitting-<¥ basis.
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Three-point circle theorem

T fodql M «F2 AT T ACF, O ol 94 M @ 8 &9 @I circle
qA

Coordinate proof ¥9 direct. General equation <8
2? +y? + 291 +2fy +c=0.

A6 point A fe4G linear equation 71 Unknown feaf5, ©12 unique solution T,
provided points collinear =T 23|

Determinant form .

Points P, = (x;,y;) ¥ ©ItWd through circle satisfy ¥

2?+y? x oy 1
i+yl T oy 1
34+ys w3 Yo 1

1

T3+Y; T3 Y3

= 0.

@Bl computational geometry-c® 3% useful.

Py

P x

5@ ¢: @2 circle-99 T7 A f99 non-collinear point €6 unique circle determine
AN

v circle @I radical axis 99 radical center

@l circle ¥t @t
S+t 4200+ 2fiy+ ¢ =0,

So 2?4y + 2g9x + 2foy + o = 0.
YT equation subtract PR 22 +12 terms cancel 20T I, WK G0 line #I18 | (1612 radical

axis.

Radical axis

92 circle-93 power JWIH @39 A1 point-9¥ locus BN radical axis. IW circle 76
intersect ¥, SR OIMF common chord-512 radical axis.
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Subtract €T
2(g1 — g2)z +2(f1 — f2)y + (c1 — ¢2) = 0.
@2 simple fact circle problem-G& line problem-« I =t |

Y

radical axis

X

5@ v: ¥2 circle-99 common chord 932 radical axis 932 line.

Radical center

WA circle pairwise-4% radical axis W foqb #ihs, ©F ALRIT® OFl GFB point-«
(=W T | (TR point-B12 radical center.

Circle family: coaxal system
92 circle-9¥ linear combination TG circle-@d family #Teql T3,
Sy =51+ AS; =0.

@2 family-(F coaxal system I 22 | Common radical axis fixed Q1CF, ©12 family-¥ structure
3] controlled 2.

Coaxal family

@ 9 circle 92 U2 base circle-43 linear combination, $/&l @3 coaxal family. €2
family-5 39 3R radical axis 42 |

Orthogonal circles

9o circle I right angle-9 (@ A, (61 =S configuration-4 neat symmetry 3.
Coordinate condition-€ ¥ 37|

Orthogonality condition

(PR 9% d 922 radii 1, 7y R circle 76 orthogonal 2(q ©IR T

2 _ .2 .2
da =St
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Circle equation ™t problem solving

Q¥ circle problem solve FHC® BIBTeT AN &® 26 Tfbw: (I coordinate choice equation-
(& ME FAER? Center Gl AP origin-a @ =eHl | Symmetry AUFCT axis FICE NG |
Chord AT GTBIT x-axis IS | G2 (FB FTaE WP algebra 6 |

 Center known 2 translate (S origin-g IS |

Symmetry QUFCH axis IR I |

Tangency R radius perpendicular 11

e Two circles AP subtract ¥ radical axis (T IV |

Multiple tangents AT power of a point (MCATI

@2 toolset-BT habit 2 (41t WCF geometry problem coordinate-« instantly structured
RICRCICN

Engineering (bt circle

Engineering-9 circle design object RTE 97 1 Wheel, gear, bearing, pipe, dome, round
flange, sensor range, antenna coverage—<4It9 radius and tangency constraint matter
. Circle equation 18 &Y textbook formula oI; @I design constraint-43 language.

Mechanical design-@ clearance €32 contact check ¥9C® ©¥ discriminant use F9C®
7. Civil-@ arch 21 tunnel profile model TS circle fit =M. Robotics-4 reachability
region SIS I circle A annulus. Sensor fusion-& G2 circular measurement-&@¥ overlap
radical axis-style logic M@ handle ¥4I A,

Engineering habits

« Measurement data BT T equation 104 constraint formalize CAI |

 Noise AR exact fit 9 (ST approximate fit Ol |
o Collision A contact detect F4C® discriminant (AT

o Multiple circular constraints Q<FC radical axis €<
power-based decomposition IR FC |

¢S @32 (AISTF (Pole and Polar)

Circle-93 equation-9 zay + yy; = r2 YA BY tangent-9F 2 AN A1 IW (21, 41)
B circle-97 A AF, O 92 @F3 ANFAAT @6 @A O F7, AT AN AT
(Polar) 3feT 1 @iF €3 (r1,71) RYGeE I =2 "¢ (Pole) |
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Pole @32 Polar

8 22 + ¢ = r2-GF ACATE (14, y,) R CARAIER AN 2e:

rr1 + Yy — r?

T fRfB Jrex I8 ACH, O 2@ =0 (12 &l (Chord of contact) A et
=ffqet W I/

@fb projective geometry-ad 6 SIIHIH Qe 1 QN (oM (@UE G061 'Rg-Fhol' ©l-
IS AR, O (AR 99 '@ 1 Pole-polar-a¥ 0T I¢ HRYN R0, WAF GioeT
concurrency () @32 collinearity (FTCa¥) awid «ft Mcy 47 1S S A1 La Hire's
Theorem €3 G FIF TARA!

Yy

e Pole P(z1,1,)

Polar line

g a: @ 32Z 9 (Pole) €A ©IF Polar (Chord of contact) |

Advanced move: inversion

%% hard circle problem-4 inversion game changer. @3 fixed circle-&3 JACATF inversion
«CeT line circle-4, circle line-4, ©1¥ tangled tangency pattern suddenly simpler structure-@
BT 9ICA,

Inversion-9g<¥ core idea R

Inversion center O @<R radius k& T point P-4 image P’ 99 (&

OP-OP = k°.

@2 transform circle geometry-c powerful simplification S |

39 problem-@ inversion WA TR I, G T4 two tangents, common tangency, or
awkward circular chain (3l T, ©F @61 (807 AR ¢! tool.

PG GF B (Gl aToie

Circle-9¥ analytic storyBl @1t Y9 clean. Definition distance condition (W3. Distance
condition equation (M¥. Equation tangent, secant, power, radical axis, and fitting @-
. Multiple circles system-level structure (M¥. Advanced tools like inversion hidden
symmetry ¢ (3.
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@BIZ circle geometry-8 S beauty:
small set of equations, huge range of consequences.

o Standard circle: (z — h)*>+ (y — k)? =1r?

o General circle: 22 + y* + 29z + 2fy +c=0

« Center: (—g,—f)

e Radius: /g2 + f2—¢

o Tangent at P(z1,y1): xx1 +ypn +g(x +21) + fly+vy1) +¢=0
« Power of point: PT? = PA-PB

« Radical axis: two circle equations subtract FRC12 line

 Three non-collinear points give one unique circle

AT

1. Standard circle (¥CF general equation derive I, OGS reverse direction complete
square M A8 |

2. Circle z* + y* = 25-99 (3,4) point-9 tangent-99 equation (IF FCAT | SIFAT verify
A @ tangent radius-499 perpendicular.

3. External point (XCF tangent-secant theorem derive (1
4. Circle 9f67 radical axis (@4 F@0: 22 +1y2—4x—6y—3 = 0 9R 22+ +2x—2y—8 = 0.

5. Three-point determinant form IR FA I circle-9¥ equation (FA FAR (58I
I

6. Orthogonal circles-9¥ condition center distance formula M@ prove G|

7. @3f5 practical geometry data set f4T% approximate circle fitting 1% workflow fec
P

T <

Circle problem solve FHC® 2 ®Y formula Y¥B A A I; pattern MACS IS (I |
Distance constraint, tangent, power, radical axis, €<% inversion—93%CE GGF QG AL
connected. ¥ IM G2 connections JCAH A'E, I circle geometry messy I, IR I7
organized toolset N RS |




