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Legendre Polynomials and
generating functions
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NATSH TATE TAF GIHe TN ACR ST HALT FICO T NG 27 @ (BICT LG
I5eE (aifR 1 [0 7 FHCEGEH (Combinatorics) @ TCRITaRMRIIE IFRHIT ¢F0q | OIS @i
(SIS O3 G T FIF A ADT S M7 A @1 2 (@R T (Generating
Function), €32 G Y Y& @Hfo wiweel F7 Firee 2fFif{aie (Legendre Polynomials) |
Bl ¥ 4l AS!

EIEae TesE: Wifere iy

401, (OICE G619 (sequence) SCAPKTE FAP A 2 ag, aq, as, a, ... | G0 [@
PIC P ST N I TG 0O 2N | (ARG FIH oo @ GIRIGCE q(0 sAfereanfne
3 “fheT fHred 729 (coefficient) RETE A @ T@ T (T©d I FF !

Definition: Generating Function

a6 9=l ag, ay, as, ... 99 GO G (SRR T G(2) 2

G(z) = ag + a17 + apx® + azz® +--- = Zana:”
n=0

QI ¢ 97 @I ARWE NF @21 ¢ 2N @ G0 "@PRTE" (placeholder) A
SR e e (@I T=eAlfB G ooy v |

i ZFCe! ©IRR, "SR, OB T I AS?" 436 Twizae e Sifama 2@

EERT € FEEE N

€@ IF, TN G @FE (AT @@ R F0e e | AR, el @32 TS (SR QAR | HS
20, (oM 0 St e (e fre 2@, (@ Hews e e 7@ @R A9 (et
OO @M (T @ RN @6 N B e FeeiR Mre #A[ea?

a2 FNIGeE e o TAg*a-9TmF (PIE) M FACo oIt QIR (oereirel 203 AT |
58 (oaite wiee i «ft 47 w2

o SO F06H T B BT T A | @ AT 2
o ST A0ET TW: (G AAF (0,2, 4, ... )1 AewAfNmE: 1422+t 4=

1—z22

o T F0ET T WOIF @M T (0, 1,2, 3) 1 Al e 1+ o+ 22 + 23
QI @ FAETS QN (SN (SFHICADL FIAT (2T A

G(z) =2*- (1_1332) (14 2z 42 + 2%

é? G(z) & RBR (expand) I 2V 97 @ 3729 AW, EI62 ze N caferfaae q=iE w91
Al

GFIOIE, SN FFRT S3TF Iz B FAF WAE FACS AR (T > BIFIF, BT 8
¢ B T M FISIE doo B! IAIR) | @F (SICAMDL FLH JCE:

1 1 1
l—2 1—2%2 1—2°
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cefareibe ¢ fHifates @
iR Fefbe ot fifse 2ce:

=1l4+z+22+2°+...

11—z

I g ¥2 #AIed efcebe (derivative) I, ©@ AI:

(e =142z +322+42°+ ...

QO TP AT I A TG g (I (SAICH0L FIeH Cofq Faco A1 |

3b1b @7 Y 2TEAN: ARGIG G2 F67 AT oD

faure 3THTI Biite 3BluelBrown (3blb) €F @6 SHILIFE FHHHRAF T M\CAT 1 KT,
(SN IR @M (6 @Mz {1,2,...,2000} | G FOLEN ARG SAWTLTENR @rorzwet 5
5 =il faorey 27

COICE M FFE I (Brute-force) FACS o1 7Y, OIRC 22000 f§ A6 (5F FACS 3(H,
T Y A T WS A, (R ¢ B A T g f6 ¢ ew Freren, ©iR @b A<eGe
T 2 T6d | T8 (SAIEDe T @I IR THIF W ANt @ [ W 21 | AR’
Gl

flx) =1 +2) (1 +2)(1+2°)- - (1422

N I AT @ I [T TN, O 27 9 A2 A FF G2 ARTIBSTEND FAe AW @Horese
nl

Q47 5 7 [orey sMetE @@ FA0e AN 76 RGN Roots of Unity (4509 3E)
2R I | qICHA ¢-OF YA el ¢ = 27/5 | arwEt M weAioes 1, ¢, ¢2, ¢ @32 ¢4 I
©IMa T 73, ©d TTIFHIEEE (Cancellation) FIHCE BYN@ 5 F afdfed sMeTAR &3
LAl

2 T AL T

o z=1E: f(1) = 2200 (4ft 2T EGH GG FREIB) |

e z= -1 f(—1) =0 (9ff QR @Ie g3 [T @oIFCET ARCB T =L
o) |

o = f(C) =120 (1+¢F) @Y 5 =1, 2MeCE ABCHE A el A0 AT |
AfsB ¢ “lma @fB METHCETR W 2N TR &M (140 (1+C) (1+C3) (1+¢CH (1+1) =
21 G 8oo b ARECTH woiwel 20 2400 1 GFBOIE f((2) = f(¢3) = f(¢H) = 290

SR 5 @ [Feey ARG (6 e A2 2 aid 79 S:

1B Tl = % (22000 4 4 . 2400)

a5 @S TTILERe TwRad (@ FOIA FRAF PG (Fourier Transform) & fof6 «ae FMe
AR FIR F(E AN CAEE LT T Soe] T ZOCS TS FANLT I (FACO
RIIEY
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ferrere ARTAIRRIE: Toq @ 49 &

G SR G @ GEeelR AAfereificer A A 2@ T e @i Wi oo syl
@6 ¥ — Legendre Polynomials 31 fecerers ifercaifse |

LIRS SN 1, 22, 22, 23, . .. IJIRA PCA FHA (ol 371 78 9B 2 @tedl [—1, 1] Tfce
aeitaeE (orthogonal) s qfie, A @9 FF BT FAE T REEIN

AN-FG (Gram-Schmidt) AT JIRF T SN CHETH g (55 “Aferafzze tofd Face
A @ GTF TR AL TH A AT | A Qetens 2 s AfmtmE, b, (z)!

Definition and Orthogonality

feftere® SARTAIRRE P, () 20 @3 936 sAferaifsmie €& 2t [—1, 1] WdfEcs wealieai-

5 1 gfie;
/ Po(2) Pa(x)dz — {0’2 ifm #n

1 Il ifm=n

QU P, () @F % qre Al fofel =t o1 *1 20vg, o = 1 e smm P, (1) = 1
EISH

Mmoot e (Rodrigues' Formula)

@3 ARTAIRRIESTE (@4 FHF TR A2Q SR TG qaee™ F4a1 «@ft ite Fgh1 o3
<IoET8 FI&t R WPl

Rodrigues’ Formula

1 dn
—onpl dgn

B() [(z* = 1)"]

BN, ALY I BSeR AT (@9 FE:

e n=2: Pz)= ﬁ%[(:ﬁ —1)? = %dd—;g[:v‘l — 222 4+ 1] = £(122% — 4) = (32 — 1)
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First Six Legendre Polynomials

1.00 1

0.75 A

0.50 1

N

?; 0.00
a
~0.25 1 / ‘ /
‘ —— Polx)
~0.50 A — Pi(x)
— P(x)
—0.75 A — P3(x)
—— Pa(x)
—1.00 1 — Ps(x)
—1'.00 —O'.75 —0'.50 —O'.25 0.00 0.'25 0.'50 O.'75 1.'00
X
@ 5: 2T I foTeer AfMENHER are |
7S @=iifbe (Parity Properties)

feer ARMAINTSE TORed (AT T TR A0 ST @Ute i)

« T4 n @& (even), O P,(zr) 9F6 3eeq T 9diR, P (—z) = P,(z)1 (@
Py(z) =1, P(x) = %(3%2 —1))

o T4 p [EC (0dd), ©%F P,(z) 936 @ wHeAq 1 €], P, (—z) = —P,(z) 1 (@I
Py(z) = x, Ps(x) = 5(52° — 3x))

ffes (@9 PRIBN (I A FEFERNAGE-9) R (A (@St Febe
FIAFET FACO (I Y7 Afibe @fo ANea9 @2l A

(1—2%)y" —2xy +n(n+1)y=0
Q2 FRFACT AL 20 AT *oleed ATEh@eT § = P, (x)!

Bonnet's Recursion Formula (RITT0R {4 qieie)

fed cefreibe F@ P, (r) (7 T4 @ IR 1 O FTEHT 7RG 00 a6 Al
[ERQERCINIMCE IS (TS (e

Bonnet’s Recursion Formula

(n+ 1)Pi1(x) = (2n+ DzP,(z) — nP,_1(x)

YW Py(r) = 1 9 Pi(z) = ¢ TR 4 @ W 9 et st &q s
(FACS A | e B3 I @ACS Al
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feceroe ST @b Fieiw: Jre S

I (91, AT WFCS (SNICABL FIeHe T (o1 Wena Feafzew? ot ofwt o «eamn ficsew
ATAIRIAGTEARS QF0 TLF (SFTERADL T AT |
I @R @F ATeqF P o I @A 17 @ 7= @ P, (), O &l A1R;

1
V1 =2zt +t2

@ft smidfReeics BRI At f[ed o F1F T FioFed IITe 2 | @NT G LT
G CHETR (DI [re et WH (@9 F900 G2 (Gt T Qg Weo! Py B!

AP (FACED [FEG: T 8 AL

QAR O SR e e, b q3aE g e BAE euififed (Circle Coordinate
Geometry) Tl (afd @eteN oy SR™IE (@ AoPS) (A T 1 G LN SN
afafes IS ‘D"E/Tml

Gz, t) =) Py(a)t" =

Problem 1 (AoPS)

@5 J0eF ANFR B 22 4 3y° — 62 4 8y = 0| 9 T\ (center) G3R JANE (radius)
St @

SAAKI:
A ANFAATCE AR

(z* — 6z) + (y* + 8y) =0
Q¥ #efq5 (perfect square) I G @il S

(2% — 62 +9) + (v* + 8y + 16) = 9 + 16
(z—3)+ (y+4)> =25

aft @6 @i Jeed TR0 (2 — h)? + (y — k)% = 1% @ A et
o3, (@G 2 (h, k) = (3, —4) 9RR TP 1 = /25 = 51

Problem 2 (AoPS)

uB g8 C) 2?4+ y? =25 9R Cy - 2® + y? — 1da — 6y + 33 = 01 &N Al @, G
OF FAAE =~ |

HAAL:
49 Jeed F® 0, (0,0) 9R IPNE 1) = 51
fasr Jefbee Aree:
(2% — 142 +49) + (y* — 6y +9) = —33 +49 + 9
(=72 +(y—3)°=25
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el 3069 @ 0,(7,3) 9R IPNE 7, = 51
(@A TGS VS

d=+/(T—0)2+(3—0)2 =49+ 9 = /58 ~ 7.61

mr1+r2 = 10# \/%d]?‘& |7”1—7’2| =01 QWWWWWWT‘”,WQ qace
GORE (2N I | (AoPS U 92 Wifbre Alwmae JRIER @i A [eieiwe qHees W
a1 O (53 1 21 BCEN A B W A 0 FAET d =1y + o A d = |1y — o] TR)

Problem 3 (Power of a Point)

@36 ™ P(8,6) (ATF 22 + y? = 25 J0SA &7F WF© HFF (tangent) A F9?

HALI:
NG OF @ ARCH FACTD (/F AR G, =7 0 [ =, [ = /22 + 42 — 2 (I
TREE 22 + 2 — 12 = 0) 1

| =8 +62—25

] =64+ 36 —25=+/100 — 25 = V75 = 5V/3
Tod, =Ea M 51/3 aFF |

Problem 4 (Orthogonal Circles)

AN S @ 22 4 y2 — 20 + 4y — 4 = 0 @R 22 + 3> + 62 + 8y = 0 I8 Y6 AT
qrfitalieTe (FAFSIE) =& FE |

ANIA:
afB I8 22 4 y® + 2010 + 2f1y + ¢ = 0 @ 22 4y + 2000 + 2oy + ¢y = 0 WA
(27 I TS A 20190+ 2f1fa = c1 + 2l
QWWW 91:—1,f1:2,61 =—4
ﬁ@qu 92:3,f2:4,02:0
*I$ I 4
F = 2(—1)(3) +2(2)(4) = =6 + 16 = 10
THNF = —4+0=—4
QLT 10 # —4, I&8 8 AR 7 | ¢ @RI, T ACH AT (S *1S 7%y 18 2®
AT (O IS ZCE (FE ACH WO A 1 S A Swtet oewre Wi o

Problem 5 (Common Chord)

M ge S, =a?+y? 4o —6y+4=0aR S, =a>+9> 22 -8y +4=049%
A4 31 (common chord) @3 FANFAY € A<y T T

AL
YRS TP 9T ANFAS (@9 FA @ A2 @b =@ W S, — S, =01

(2 +y? —4r — 6y +4) — (2 +y* —20 -8y +4) =0
20 +2y=0 —= y=ux
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GIF MY ([T FAF G 2N e (™ 3 JONG (@7 I
@® C(2,3), M r =2 132 —4=/4+9—4=31
g ((2,3) @&z —y =0 (€U ¥ 4% d:

k-3 1
VIE+ (=12 V2
ST W1 T 0T = 232 — 2 =2, /9 — 4 =2,/ = /31~ 583




